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Abstract 
 
We discuss a number of issues in the smoothed nonparametric estimation of 
kernel conditional probability density functions for stationary processes. The 
kernel conditional density estimate is a ratio of joint and marginal density 
estimates. We point out the different implications of leading choices of 
bandwidths in numerator and denominator for the ability of the estimate to 
integrate to one and to have finite moments. Again bearing in mind different 
bandwidth possibilities, we discuss asymptotic theory for the estimate: 
asymptotic bias and variance are calculated under various conditions, an 
extended discussion of bandwidth choice is included, and a central limit 
theorem is given. 
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4 Lqwurgxfwlrq
D glvwlqfwlyh ?qglqj lq wkh dv|pswrwlf wkhru| ri vprrwkhg qrqsdudphwulf hvwlpdwlrq ri suredelo0
lw| ghqvlwlhv/ frqglwlrqdo ghqvlwlhv dqg uhjuhvvlrq ixqfwlrqv lv wkdw wkh vdph ?uvw0rughu dv|pswrwlf
surshuwlhv fdq krog iru vwdwlrqdu| zhdno| ghshqghqw revhuydwlrqv/ uhfrughg dw ?{hg/ htxdoo|0vsdfhg/
wlphv/ dv iru lqghshqghqw rqhv1 Lq sduwlfxodu/ suhflvho| wkh vdph pxowlyduldwh fhqwudo olplw wkhruhp
krogv iru d yhfwru ri hvwlpdwhv ri wkh ixqfwlrq dw ?qlwho| pdq| ?{hg srlqwv1 Wkh olplwlqj yduldqfh pd0
wul{ lv gldjrqdo/ zklfk lv xqvxusulvlqj lq fdvh ri lqghshqghqw revhuydwlrqv +dv lv vhhq rq frqvlghulqj
wkh fdvh ri nhuqho hvwlpdwhv zlwk d ?qlwh0vxssruw nhuqho, exw ohvv vr lq wkh ghshqghqw fdvh1 Wkh idfw
wkdw dv|pswrwlf yduldqfhv duh xqd>hfwhg e| zhdn ghshqghqfh frqwudvwv zlwk wkh w|slfdo h{shulhqfh
lq sdudphwulf hvwlpdwlrq1 Lqwxlwlyho|/ lw lv gxh wr wkh orfdo fkdudfwhu ri wkh hvwlpdwh/ zklfk ghshqgv
sulqflsdoo| rq rqo| d ydqlvklqj iudfwlrq ri wkh revhuydwlrqv> wkhvh zloo whqg wr eh zlgho| vhsdudwhg
lq wlph dqg wkxv eh yluwxdoo| lqghshqghqw1
Wkh ?uvw vxfk fhqwudo olplw uhvxowv/ iru nhuqho hvwlpdwhv frpsxwhg iurp Pdunry vhtxhqfhv/ zhuh
rewdlqhg e| Urxvvdv +4<9:/ 4<9<,/ zkr frqvlghuhg d xqlyduldwh fhqwudo olplw wkhruhp/ dqg e| Urvhq0
eodww +4<:3/ 4<:4,/ zkr zhqw rq wr hvwdeolvk wkh dv|pswrwlf lqghshqghqfh surshuw|1 Wkh vdph w|sh
ri uhvxow zdv wkhq hvwdeolvkhg iru k0pl{lqj surfhvvhv e| Urelqvrq +4<;6,/ Urvhqeodww +4<;8,/ wkhq
iru d ydulhw| ri rwkhu pl{lqj surfhvvhv e| ydulrxv dxwkruv/ dqg iru olqhdu surfhvvhv e| Fkdqgd +4<;6,1
Vhuldo ghshqghqfh lv/ krzhyhu/ oldeoh wr d>hfw wkh jrrgqhvv ri wkh pxowlyduldwh qrupdo dssur{lpd0
wlrq lq ?qlwh vdpsohv1 Dqdo|wlf uhvxowv ri Urelqvrq +4<;9, lq d vlpsoh fdvh vxjjhvwhg wkdw lw fdq
vljql?fdqwo| lq dwh yduldqfh lq fdvh ri qhjdwlyh dv zhoo dv srvlwlyh ghshqghqfh/ vr wkdw d odujhu edqg0
zlgwk pljkw eh xvhg xqghu ghshqghqfh lq rughu wr dfklhyh frpsdudeoh suhflvlrq wr wkdw dydlodeoh iru
d fruuhvsrqglqj lqghshqghqw vhtxhqfh1 Xqghu orqj udqjh ghshqghqfh/ hyhq ?uvw0rughu dv|pswrwlf
surshuwlhv duh frqvlghudeo| d>hfwhg> hvwlpdwhv pd| ru pd| qrw eh dv|pswrwlfdoo| qrupdo/ dqg/ li
wkh| duh/ wkh olplwlqj yduldqfh pdwul{ ri hvwlpdwhv dw glvwlqfw ?{hg srlqwv fdq kdyh xqlw udqn +vhh
h1j1 Urelqvrq/ 4<<4/ Fvùujr dqg Plhoqlf}xn/ 4<<8,1
Rqh ri wkh qrwdeoh ihdwxuhv ri wkh hduo| zrun ri Urxvvdv +4<9:/ 4<9<, zdv lwv glvfxvvlrq ri
frqglwlrqdo suredelolw| ghqvlw| hvwlpdwlrq iru Pdunry surfhvvhv1 Lqghhg/ qrwzlwkvwdqglqj wkh hduo|
uhvxowv ri Sdu}hq +4<95, rq xqlyduldwh ghqvlw| hvwlpdwhv/ dqg Fdfrxoorv +4<99, rq pxowlyduldwh rqhv/
zh nqrz ri qr hduolhu zrun zklfk h{solflwo| frqvlghuhg vprrwkhg qrqsdudphwulf frqglwlrqdo ghqvlw|
hvwlpdwlrq hyhq lq wkh fdvh ri lqghshqghqw revhuydwlrqv/ wkrxjk Urvhqeodww +4<9<, lv d urxjko|
frqwhpsrudu| uhihuhqfh lq wkh odwwhu fdvh1 Urxvvdv +4<9<, frqvlghuhg wkh xvh ri frqglwlrqdo ghqvlw|
hvwlpdwhv lq hvwlpdwlqj wkh wudqvlwlrq glvwulexwlrq ixqfwlrq ri d Pdunry surfhvv dqg lwv txdqwlohv +vhh
dovr \dnrzlw}/ 4<:;,1 Wkhuh kdyh ehhq d qxpehu ri vxevhtxhqw uhihuhqfhv rq frqglwlrqdo ghqvlw| dqg
glvwulexwlrq ixqfwlrq hvwlpdwlrq xqghu lqghshqghqfh dqg ydulrxv irupv ri ghshqghqfh/ exw wkhuh duh
vrph lvvxhv wkdw vhhp zruwk ri ixuwkhu glvfxvvlrq/ hvshfldoo| lq ylhz ri wkh srwhqwldo ydoxh ri wkh
wrslf lq duhdv ri fxuuhqw lqwhuhvw/ vxfk dv lq frqglwlrqdo txdqwloh vhplsdudphwulf hvwlpdwlrq +vhh h1j1
Ohh/ 4<<9, ru lq vwxg|lqj wkh g|qdplfv ri vwrfkdvwlf yrodwlolw|/ zkhuh wkh delolw| wr dyrlg prphqw
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frqglwlrqv rq wkh xqghuo|lqj surfhvv lv dq dgydqwdjh/ lq ylhz ri wkh orqj0wdlohgqhvv ri pxfk ?qdqfldo
gdwd1
Lq wkh iroorzlqj vhfwlrq/ zh lqwurgxfh wkh nhuqho frqglwlrqdo ghqvlw| hvwlpdwh +dqg frqvhtxhqw
hvwlpdwhv ri frqglwlrqdo glvwulexwlrq ixqfwlrq dqg txdqwlohv, dqg frqvlghu lwv suhflvh lpsohphqwdwlrq/
zlwk uhihuhqfh wr wkh uhodwlyh fkrlfhv ri edqgzlgwkv lq wkh qxphudwru +d elyduldwh ghqvlw| hvwlpdwh,
dqg ghqrplqdwru +d pdujlqdo ghqvlw| hvwlpdwh,> wzr vxfk fkrlfhv kdyh ehhq vwuhvvhg lq wkh olwhudwxuh/
dqg zh srlqw rxw wkdw rqh ri wkhvh hqvxuhv wkdw hvwlpdwh lqwhjudwhv wr rqh dqg kdv ?qlwh prphqwv/
zkloh wkh rwkhu grhv qrw1 Vhfwlrq 6 surylghv dv|pswrwlf wkhru| xqghu pl{lqj frqglwlrqv/ vwuhvv0
lqj djdlq wkh vdph wzr ohdglqj edqgzlgwk fkrlfhv> lq sduwlfxodu zh glvfxvv dv|pswrwrwlf eldv dqg
yduldqfh/ rswlpdo +plqlpxp phdq vtxduhg huuru dqg soxj0lq, edqgzlgwk fkrlfh dqg fhqwudo olplw
wkhru|1
5 Nhuqho Frqglwlrqdo Ghqvlw| Hvwlpdwhv
Ohw xv frqvlghu d elyduldwh udqgrp yduldeoh Etc ~ä/ kdylqj devroxwho| frqwlqxrxv glvwulexwlrq ixqfwlrq
zlwk uhvshfw wr Ohehvjxh phdvxuh1 Wkhq wkh frqglwlrqdo suredelolw| ghqvlw| ixqfwlrq ri t jlyhq ~ lv
sE+ m 5ä ' sE+c 5ä
sE5ä
c
zkhuh sEéc éä lv wkh mrlqw suredelolw| ghqvlw| ixqfwlrqv ri Etc ~ä dqg sEéä lv wkh ghqvlw| ixqfwlrq ri ~/
dvvxphg srvlwlyh dw wkh srlqw 51 Jlyhq revhuydwlrqv Etðc ~ðä/ ð ' c é é é c ?/ zh hvwlpdwh sE+ m 5ä e|
es@KSE+ m 5ä ' es@KE+c 5äesSE5ä c +514,
zkhuh
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g
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ê
c +516,
zkhuh g lv d erxqghg nhuqho ixqfwlrq/ lqwhjudwlqj wr rqh/ dqg @ ' @?/ K ' K? dqg S ' S? duh srvlwlyh
edqgzlgwk vhtxhqfhv/ zklfk ghfd| wr }hur dv ? $ 41 Iru h{dpsoh/ zh kdyh tð ' fðn/ ~ð ' fð/
zkhq wkh xqlyduldwh vhtxhqfh fc é é é cf?n lv revhuyhg> wkhq wkh frqglwlrqdo ru suhglfwlyh ghqvlw|
hvwlpdwh ri Urxvvdv +4<9:, lv d vshfldo fdvh ri +514,1 Iru jhqhudo elyduldwh/ srvvleo| lqghshqghqw/
revhuydwlrqv/ wkh hvwlpdwh ri Urvhqeodww +4<9<, lv d vshfldo fdvh ri +514,1 Jlyhq +514, wkh frqglwlrqdo
glvwulexwlrq ixqfwlrq fdq eh hvwlpdwhg e|/ iru h{dpsoh/
e8@KSE+ m 5ä ' ] +
3"
es@KSE% m 5ä_%
5
dqg/ wkhqfh/ frqglwlrqdo txdqwlohv e| el@KSERc 5ä/ vdwlvi|lqj
e8@KS íel@KSERc 5ä m 5ì ' Rc f ÷ R ÷ é
Rxu xqxvxdo vwuhvv rq wkh edqgzlgwkv @/ K/ S lq wkh qrwdwlrq esS/ es@K dqg es@KS lv gholehudwh/ dv wkh
olwhudwxuh hpsor|v gl>huhqw uhodwlyh fkrlfhv ri @/ K dqg S/ dqg wkhuh duh lqwhuhvwlqj lvvxhv shuwdlqlqj
wr wkhlu fkrlfh1 Wkh hduo| hvwlpdwh ri Urxvvdv +4<9:/ 4<9<, wrrn
@ ' K ' S

2 é +517,
Wklv pdnhv vhqvh lq wkdw wkh qxphudwru dqg ghqrplqdwru ri +514, duh wkhq hvwlpdwhg zlwk frp0
sdudeoh suhflvlrq/ d surshuw| zklfk zh wdnh iru judqwhg lq dqrwkhu irup ri udwlr nhuqho hvwlpdwh/
wkh Qdgdud|d0Zdwvrq uhjuhvvlrq hvwlpdwh1 Wkh frqvwuxfwlrq +517, kdv dovr ehhq xvhg e| Urelqvrq
+4<;6,/ Urvhqeodww +4<;8,1
Dqrwkhu ohdglqj fkrlfh ri @/ K/ S lv
@ ' K ' Sé +518,
Qrz wkh ghqrplqdwru esS lv hvwlpdwhg pruh suhflvho| wkdq wkh qxphudwru es@K1 Krzhyhu/ +518, kdv wzr
ghvludeoh surshuwlhv qrw vkduhg e| +517,1
Surshuw| 4= e8@KSE4 m 5ä ' / iru doo 51
Surshuw| 5= Li g lv qrqqhjdwlyh/ es@@@E+ m 5ä lv erxqghg/ dqg wkxv kdv ?qlwh prphqwv ri doo rughuv1
Xqghu +518,/ Surshuw| 4 lv hvwdeolvkhg e| lqwhjudwlqj +514, ryhu +/ dqg Surshuw| 5 e| wkh lqhtxdolw|
ñññ es@@@E+ m 5äñññ é 
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+Zh kdyh dgrswhg wkh frqyhqwlrq f*f ' éä Rq wkh rwkhu kdqg/ xqghu +517,
e8@KSE4 m 5ä ' es@E5äes@2E5ä c
zklfk zloo frqyhujh lq suredelolw| wr rqh xqghu uhdvrqdeoh frqglwlrqv/ exw/ iru @ : @2/ l1h1 @ ÷ 
+dv lv wuxh iru odujh hqrxjk ?, lv juhdwhu wkdq rqh zkhq g lv qrqqhjdwlyh dqg prqrwrqlf/ zklohes@@@2E+ m 5ä qhhg qrw eh erxqghg/ iru h{dpsoh es@2E5ä fdq eh }hur zkhq es@@E+c 5ä lv qrq0}hur/ dqg qhhg
qrw qhfhvvdulo| kdyh prphqwv1 Wkh idloxuh ri Surshuw| 4 kdv xqsohdvdqw lpsolfdwlrqv iru elERc 5äc dqg
wkh idloxuh ri Surshuw| 5 pd| eh dvvrfldwhg zlwk xqvwdeoh ehkdylrxu1 Wkh frqvwuxfwlrq +518, zdv
h{soruhg e| Urvhqeodww +4<9<,/ Pdvu| +4<;<,/ Vdpdqwd +4<;<,/ Urxvvdv +4<<4d,/ zlwk d uhfxuvlyh
yhuvlrq lq Urxvvdv +4<<4e,1
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Urvhqeodww +4<;8, frqvlghuhg
@ ' K ' JES

2 äc dv ?$4c +519,
zklfk lqfoxghv +518, dv d vshfldo fdvh/ vkrzlqj wkdw wkh dv|pswrwlf yduldqfh lq wkh olplwlqj qrupdo glv0
wulexwlrq ri ?

2@
qes@@SE+ m 5äý sE+ m 5är lv ohvv xqghu +519, wkdq wkdw ri ? 2@qes@@@2E+ m 5äý sE+ m 5är
shuwdlqlqj wr +517, +ehfdxvh wkh dv|pswrwlf yduldqfh ri wkh ghqrplqdwru ghqvlw| hvwlpdwh rqo| frq0
wulexwhv lq wkh vhfrqg fdvh,1 Rq wkh rwkhu kdqg/ wkhvh uhvxowv hqwdlo frqglwlrqv zklfk hqvxuh wkdw
wkh eldv lv ri vx!flhqwo| vpdoo rughu wr shuplw wkh fhqwulqj dw sE+ m 5ä1 Fdofxodwlrq ri ohdglqj whupv
ri wkh eldv ri wkh frqglwlrqdo ghqvlw| hvwlpdwhv lqglfdwhv wkdw wkh frqwulexwlrq ri wkh ghqrplqdwru
zloo eh ri vpdoohu rughu xqghu +517, wkdq xqghu +519,/ dqg wkxv +518,1
Zh vkdoo irfxv lq wkh vhtxho rq wkh frqvwuxfwlrq +514,/ +516, zlwk Urxvvdv*+4<9:/4<9<, wudqvlwlrq
ixqfwlrq fdvh lq zklfk Etðc ~ðä ' Efðc fðnäcwkrxjk h{whqvlrqv wr pruh jhqhudo tðc ~ð duh uhdglo|
ghgxfhg1 Ixuwkhu/ zh vkdoo ?{ @ ' K wkurxjkrxw/ wkrxjk lw lv zruwk phqwlrqlqj wkdw jhqhudol}dwlrqv
frxog eh ri lqwhuhvw1 Iluvw/ zkloh wkh fkrlfh @ ' K lv qdwxudo lq fdvh tð ' fðn/ ~ð ' fð/ lw qhhg
qrw eh iru jhqxlqh elyduldwh revhuydwlrqv tð/ ~ð/ zklfk fdq kdyh gl>huhqw vfdohv1 Qrwlfh khuh wkdw vr
orqj dv K ' S/ Surshuwlhv 4 dqg 5 zloo frqwlqxh wr krog1 Vhfrqg/ wkh surgxfw nhuqho lq +515, frxog eh
uhsodfhg e| d pruh jhqhudo elyduldwh nhuqho u1 Gh?qlqj ø wr eh d srvlwlyh gh?qlwh 2û 2 edqgzlgwk
pdwul{ zh kdyh esøE+c 5ä ' 
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zkhuh @ðæ lv wkh Eðc æäwk hohphqw ri ø +iru h{dpsoh/ zkhq u lv d elyduldwh qrupdo ghqvlw|/ zh kdyh
 ' g,1 Wkhq li  lv erxqghg dqg @22 ' @/ Surshuwlhv 4 dqg 5 krog1 H{whqvlrqv wr kljkhu
glphqvlrqv/ dqg wr dowhuqdwlyh irupv ri qrqsdudphwulf hvwlpdwlrq/ vxfk dv orfdo sro|qrpldov/ fdq
dovr eh frqvlghuhg1
6 Dv|pswrwlf Wkhru| ri Frqglwlrqdo Ghqvlw| Hvwlpdwhv dqg
Edqgzlgwk Fkrlfh
Zh ?uvw surylgh d olvw ri dvvxpswlrqv xvhixo lq dv|pswrwlf wkhru| iru wkh nhuqho frqglwlrqdo ghqvlw|
hvwlpdwh jlyhq e| +514,0+516, zlwk Etðc ~ðä ' Efðcfðnä é Zh vkdoo rqo| frqvlghu vkruw udqjh ghshq0
ghqw fðé Dv wkh glvfxvvlrq lq wkh Lqwurgxfwlrq vxjjhvwv/ wkh olwhudwxuh lqglfdwhv wkdw d ydulhw| ri
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dvvxpswlrqv rq fð/ lq sduwlfxodu ri Pdunry/ pl{lqj ru olqhdu w|sh/ zloo ohdg wr wkh vdph w|sh ri ?uvw0
rughu dv|pswrwlf wkhru|1 Pruhryhu ydulrxv wudgh0r>v duh srvvleoh/ lqyroylqj wkhvh dqg wkh rwkhu
w|shv ri dvvxpswlrq lqyroyhg/ zklfk frqfhuq pdujlqdo surshuwlhv dqg wkh nhuqho dqg edqgzlgwkv1
Khuh zh jdwkhu dvvxpswlrqv prvw vlplodu wr wkrvh lpsrvhg e| Urelqvrq +4<;6, dqg Urxvvdv +4<<4d,1
Dvvxpswlrq S= +l, Wkh vhtxhqfh ri uhdo0ydoxhg udqgrp yduldeoh ifðc ð è j lv vwulfwo| vwdwlrqdu|/
dqg wkh pdujlqdo glvwulexwlrq ixqfwlrq ri hdfk fð lv devroxwho| frqwlqxrxv +zlwk uhvshfw wr Ohehvjxh
phdvxuh,/ zlwk frqwlqxrxv srvlwlyh ghqvlw| ixqfwlrq sEüäé
+ll, Iru hdfk ð è 2/ wkh mrlqw suredelolw| glvwulexwlrq glvwulexwlrq ixqfwlrq ri Efcfðä lv devroxwho|
frqwlqxrxv +zlwk uhvshfw wr Ohehvjxh phdvxuh,/ zlwk frqwlqxrxv mrlqw ghqvlw|1
Dvvxpswlrq Pk= +l, Wkh vhtxhqfh ifðc ð è j lv vwurqj pl{lqj +k0pl{lqj,/ l1h1/
kæ ' týT
|
týT
õmå Eø _îäý å Eøäå Eîäm G ø 5Pð3"c î 5P"ðnæô$ f dv æ $4é
+ll, Wkh ký pl{lqj frh!flhqwv kEæä vdwlvi| S"æ'ù kæ ' JEù3ä dv ù $4é
Dvvxpswlrq Pq= +l, Wkh vhtxhqfh ifðc ð è j lv d +Kduulv, srvlwlyh uhfxuuhqw Pdunry surfhvv
zlwk d vlqjoh hujrglf vhw dqg qr f|folfdoo| prylqj vxevhwv/ dqg lv lqlwldol}hg iurp lwv lqyduldqw glvwul0
exwlrq1
+ll, Wkh vhtxhqfh ifðc ð è jc lv devroxwho| uhjxodu +q0pl{lqj,/ l1h1
S"
æ' qEæä ÷4/ zkhuh
qEæä '
]
týT
}$
ññññ] }E+ädsæE+m5äý sE+äo_+ññññ sE5ä_5 $ f dv æ $4c +614,
vxfk wkdw sæEüm%ä lv wkh frqglwlrqdo ghqvlw| ri fnæ rq f ' %(wkh q0pl{lqj frh!flhqwv qEæä vdwlvi|S"
æ' qEæä ÷4é
Dvvxpswlrq N= wkh nhuqho gEüä lv d suredelolw| ghqvlw| ixqfwlrq gh?qhg rq wkh uhdo0olqh vxfk
wkdw= +l,g lv erxqghg dqg v|pphwulf durxqg }hur> +ll, mümgEüä$ f dv müm $ 4> +lll, U ü2gEüä_ü ÷
41
Dvvxpswlrq E= 4@ E@c Sä$ f/ ?û4@ E@2c Sä$4 dv ?$41
Dvvxpswlrq G= s lv srvlwlyh dqg kdv d frqwlqxrxv dqg erxqghg vhfrqg ghulydwlyh dw 5> sEüc üä
kdv frqwlqxrxv vhfrqg sduwldo ghulydwlyhv dw E+c 5ä1
Uhpdunv= +4, Dvvxpswlrqv S/ P dqg G ghvfuleh wkh ghshqghqfh dqg pdujlqdo surshuwlhv ri fð1
S dqg Pq+l, duh wkh vdph dv Urxvvdv*v +4<<4d, D4+l, +ll,1 Zh uhsodfh Urxvvdv*v dvvxpswlrq D4+lll,
rq 4 ý 6ð%ð?} zlwk 4Eæä ' ïEæ3Dä iru D :  e| q ý 6ð%ð?} zlwk S"æ' qEæä ÷ 4 lq Pq+ll,1 E|
Gdy|gry +4<:6,/ iru d vwdwlrqdu| krprjhqhrxv Pdunry surfhvv/ wkh gh?qlwlrq ri qý6ð%ð?} +614, lv
htxlydohqw wr=
qEæä ì
] ññå æE%c üäý DEüäññ
ñ@o
DE_%ä$ f dv æ $4
zkhuh mümñ@o ghqrwhv wkh wrwdo yduldwlrq qrup ri d vljqhg phdvxuh> DEüä lv wkh vwdwlrqdu| lqyduldqw
phdvxuh> dqg å æE%cøä ì èh Efnæ 5 ø m f ' %ä/ wkh æ0vwhs wudqvlwlrq suredelolw| nhuqho1 Xqghu
Dvvxpswlrqv S dqg Pq+l,/ wklv gh?qlwlrq lv htxlydohqw wr wkdw lq Dvvxpswlrq Pq+ll,1 Pruhryhu/
8
Dvvxpswlrq Pq+l, lpsolhv wkdw if|j lv vwdwlrqdu| qý6ð%ð?}/ dqg khqfh ký6ð%ð?}1 Lq dgglwlrq wr
Pq+l,/ Urxvvdv +4<9:/ 4<9<, dvvxphg frqglwlrq +Gf, zklfk lv htxlydohqw wr xqlirup +èý, pl{lqj zlwk
h{srqhqwldo ghfd|1 Urxvvdv +4<<4d, uhod{hg wkh frqglwlrq +Gf, wr 4ý6ð%ð?} zlwk ghfd| udwh ïEæ3Dä
iru D : 1 Krzhyhu/ e| Eudgoh| +4<;9,/ iru d vwdwlrqdu| Pdunry surfhvv/ hlwkhu wkh èý6ð%ð?} ru 4ý
6ð%ð?} frh!flhqw lv lghqwlfdoo| rqh iru doo wlph odjv ru lw ghfd|v h{srqhqwldoo|1 Lq jhqhudo ký6ð%ð?}
doorzv iru pruh whpsrudo ghshqghqfh wkdq q ý6ð%ð?} dqg 4ý6ð%ð?}c zklfk lv zk| dxwkruv vxfk
dv Urelqvrq +4<;6,/ Urvhqeodww +4<;8,/ Pdvu| +4<;<, dqg Ervt +4<<9, kdyh dvvxphg k ý6ð%ð?}é
Krzhyhu xqghu Pq+l,/ k ý 6ð%ð?} kdv wkh vdph ghfd| udwh dv q ý 6ð%ð?}/ vhh h1j1 Urvhqeodww
+4<;8,/ Gdy|gry +4<:6, dqg Eudgoh| +4<;9,1 Dqrwkhu dgydqwdjh ri wkh q ý 6ð%ð?} dvvxpswlrq
lv wkdw lw dxwrpdwlfdoo| lpsolhv dq dvvxpswlrq riwhq xvhg lq dv|pswrwlf wkhru| iru qrqsdudphwulf
ghqvlw| hvwlpdwlrq edvhg rq rwkhu w|shv ri pl{lqj surfhvvhv=
msæE+c 5äý sE+äsE5äm é ä ÷4c iru doo æ è c %c + 5 ?
zkhuh sæEüc üä lv wkh mrlqw ghqvlw| ri Efc fnæä( vhh h1j1 Urxvvdv+4<<4d/ Dvvxpswlrq D8+lll,,/ Pdvu|
+4<;<, dqg Ervt +4<<9,1 Iru wkhvh uhdvrqv rqh pljkw suhihu Pq+ll, ryhu rwkhu pl{lqj dvvxpswlrqvc
jlyhq dvvxpswlrqv S dqg Pq+l,1 Krzhyhu/ wkh Pdunry dvvxpswlrq Pq+l, lv qrw uhdoo| qhhghg iru
wkh uhvxowv lq wklv sdshu/ wkrxjk lw grhv sduwldoo| prwlydwh lqwhuhvw lq sE+ m5ä 1 Zh vkdoo rqo| dvvxph
wkdw wkh vwdwlrqdu| vhtxhqfh if|j vdwlv?hv S dqg Pk ru Pq1 Qrwlfh wkdw hyhq wkrxjk Pq+l, lpsolhv
Pk+l,/ Pq+ll, pd| qrw lpso| Pk+ll,1
+5, Dvvxpswlrq N lv wkh vdph dv Dvvxpswlrqv D5 +l,/+ll,/+lll, ri Urxvvdv+4<<4d,/ dqg lpsrvhv qr
vhulrxv sudfwlfdo uhvwulfwlrq rq wkh nhuqho1
+6, Dvvxpswlrq E lv d plqlpdo uhvwulfwlrq rq wkh edqgzlgwk qxpehuv iru wkh fhqwudo olplw wkhruhp
wr krog1
+7, Dvvxpswlrq G lv wkh vdph dv Dvvxpswlrq D8 +l,+ll, ri Urxvvdv+4<<4d,/ dqg lv djdlq vwdqgdug/
wkrxjk lw zrxog eh srvvleoh wr rewdlq uhvxowv xqghu ploghu vprrwkqhvv dvvxpswlrqv/ ru lqghhg xqghu
vwurqjhu rqhv li Dvvxpswlrq N zhuh uhod{hg wr shuplw xvh ri kljkhu rughu nhuqhov> lq sduwlfxodu wklv
zrxog d>hfw wkh rughu ri pdjqlwxgh ri wkh dv|pswrwlf eldv/ vhh Ohppd l ehorz1
Zh ?uvw glvfxvv wkh dv|pswrwlf eldvøîE+c 5ä/ e| zklfk zh phdq wkh ohdglqj whupv lq wkh ghyldwlrq
ri wkh udwlr ri h{shfwdwlrqv ri qxphudwru dqg ghqrplqdwru ri es@@SE+ m5ä iurp sE+ m5ä> ixuwkhu wr rxu
uhpdunv ri wkh suhylrxv vhfwlrq/ wkhuh lv qr suhvxpswlrq wkdw wkh h{shfwdwlrq ri es@@SE+ m5äh{lvwv1
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Ohppd 4 Xqghu Dvvxpswlrqv S/ N/ G dqg @c S$ f dv ?$4/ zh kdyh=
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Wklv lv suryhg e| d vwdqgdug Wd|oru vhulhv dujxphqw/ dv lq Urvhqeodww +4<9</ 4<;8,/ Urelqvrq
+4<;6,1
Zh qh{w frqvlghu øT E+c 5ä/ wkh dv|pswrwlf yduldqfh ri es@@SE+ m5äc zkhuh wklv uhihuv wr wkh yduldqfh
lq wkh olplw glvwulexwlrq/ dqg pdnhv qr suhvxpswlrq wkdw es@@SE+ m5ä kdv ?qlwh yduldqfh1 Gh?qh
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Wklv lv suryhg yld d vwdqgdug olqhdul}dwlrq dujxphqw +vhh Urxvvdv +4<9:/4<9<,/ Urvhqeodww +4<9<,/
dorqj zlwk wkh xvh ri wkh k0pl{lqj dqg rwkhu dvvxpswlrqv wr vkrz wkdw wkh rxwfrph lv lghqwlfdo wr
wkdw zkhq wkh fð duh lqghshqghqw revhuydwlrqv/ dv lq Urelqvrq +4<;6,1 Wkh idfw wkdw TôE+c 5c @c Sä lv
devhqw lq +619, zkhq zh lpsrvh +617, ru +618, iroorzv iurp d grplqdwhg frqyhujhqfh dujxphqw1 Qrwh
wkdw +517, lpsolhv +617, dqg +518, lpsolhv +618,1
Frpsdulqj zlwk fdvh +517,/ wkh yduldqfh lv dozd|v vpdoohu odujhu lq fdvh +517, ehfdxvh wkh frqwul0
exwlrq wr yduldqfh iurp wkh ghqrplqdwru lv qhjoljleoh1 DV lqglfdwhg e| Ohppd 4/ krzhyhu/ wkh eldv
pd| eh pruh ru ohvv1 Iru h{dpsoh/ vxssrvh wkdw wkh f ð duh lqghshqghqw vwdqgdug qrupdo udqgrp
yduldeohv1 Wkhq lq fdvh +518,/ wkh yduldqfh lv sursruwlrqdo wr èE+ä*èE5äc zkhuh è lv wkh vwdqgdug
qrupdo ghqvlw| ixqfwlrq/ zkloh wkh eldv lv sursruwlrqdo wr E+2 ý äèE+äé Lq fdvh +517,/ wkh yduldqfh lv
sursruwlrqdo wr d n èE+äoèE+ä*èE5äc zkloh wkh eldv lv sursruwlrqdo wr E+2 n 52 ý 2äèE+äé Qrwh wkdw
lq fdvh +517, wkh eldv lqfuhdvhv dv } lqfuhdvhv dqg dw d txdgudwlf udwh/ zkloh lq fdvh +518, wkh eldv lv
erxqghg lq + dqg grhv qrw ghshqg rq 5é Wkhuhiruh/ lw lv hdv| wr ?qg fdvhv zkhuh +518, lv ehwwhu wkdq
+517, dqg ylfh0yhuvd1 Wkh frqfoxvlrq lv wkdw wkhuh lv qr xqlirup udqnlqj lq whupv ri dv|pswrwlf phdq
vtxduhg huuruv1
Lw lv srvvleoh wr dsso| Ohppdv 4 dqg 5 lq edqgzlgwk vhohfwlrq1 Ghqrwh e| ø7.E+c 5ä '
øT E+c 5ä n øîE+c 5ä2 wkh dv|pswrwlf phdq vtxduhg huuru ri es@@SE+ m5äéWkhq lq fdvh +517, @ ' K '
S*2czh kdyh iurp +615, dqg +61:,
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Rq wkh rwkhu kdqg lq fdvh +518, @ ' K ' Sczh kdyh iurp +616, dqg +61;,
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Qrwh wkdw wkh rswlpdo edqgzlgwk lv lq erwk fdvhv ri rughu ?3*S/ xqolnh wkh ?3*D udwh idploldu
iurp xqlyduldwh ghqvlw| hvwlpdwlrq1 Lq sudfwlfh wkh îðE+c 5ä dqg TðE+c 5ä pljkw eh uhsodfhg e| frq0
vlvwhqw hvwlpdwhv lq rughu wr frqvwuxfw ihdvleoh/ dssur{lpdwho| rswlpdo edqgzlgwkv1 Rxu h{lvwlqj
hvwlpdwhv es@@SE+ m5ä dqg esS pljkw eh xvhg iru wklv sxusrvh/ dorqj zlwk nhuqho hvwlpdwhv ri _2sE5ä*_52c
Y2sE+c 5ä*Y+2 dqg Y2sE+c 5ä*Y52é
;
Lq sudfwlfh lw pd| eh ghvluhg wr hvwlpdwh sE+ m5äryhu d udqjh ri + dqg 5 ydoxhv/ dqg wr xvh d
joredo edqgzlgwk1 Frqvlghulqj ?uvw d edqgzlgwk wkdw lv joredo zlwk uhvshfw wr + exw srlqwzlvh zlwk
uhvshfw wr 5/ zh pljkw frqvlghu wkh dv|pswrwlf lqwhjudwhg phdq vtxduhg huuru
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Qrwlfh wkdw wkhvh irupxodh fdq eh voljkwo| vlpsol?hg gxh wr wkh lghqwlw|]
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Wkh uhpdlqlqj lqwhjudov pljkw eh dssur{lpdwhg e| vxppdwlrqv/ srvvleo| ryhu gdwd srlqwv1
Ghulylqj rswlpdo edqgzlgwkv wkdw duh joredo zlwk uhvshfw wr erwk + dqg 5 lv sureohpdwlf dv
ø7.E+c 5ä qhhg qrw eh lqwhjudeoh zlwk uhvshfw wr 5é Rqh vroxwlrq lv wr xvh wkh deryh irupxodh
hydoxdwhg zlwk/ vd|/ 5 uhsodfhg e| wkh vdpsoh phdq ru phgldq ri fðé Wkh frpsxwdwlrqv duh vwloo
vrphzkdw rqhurxv/ krzhyhu/ zkloh li vprrwkhg qrqsdudphwulf hvwlpdwhv duh xvhg wkh suhflvlrq ri wkh
dssur{lpdwho| rswlpdo edqgzlgwkv lv lq grxew1
D vroxwlrq lv wr hpsor| lqvwhdg d *slorw* sdudphwulf glvwulexwlrq lq +61<, dqg +6143,/ lq wkh vslulw
ri Vloyhupdq+4<;9,1 Kh frqvlghuhg xqlyduldwh ghqvlw| hvwlpdwlrq iurp lqghshqghqw revhuydwlrqv> rxu
fdvh ri frqglwlrqdo ghqvlw| hvwlpdwlrq iurp revhuydwlrqv wkdw duh olnho| ghshqghqw lv pruh frpsoh{1
Vxssrvh zh surfhhg dv li fð lv d vwdwlrqdu| Jdxvvldq surfhvv zlwk phdq >cyduldqfh j2 dqg odj0rqh
dxwrfruuhodwlrq 4 +Vloyhupdq +4<;9, wrrn 4 ' f lq klv xqlyduldwh ghqvlw| fdh,1 Wkhq wkh ghqvlw| ri
fð zrxog eh jlyhq e|
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Wkhqfh/ diwhu ohqjwk| fdofxodwlrq zh ghgxfh iurp +61<, wkdw xqghu +517, @ ' K ' S*2cdq rswlpdo
edqgzlgwk +dw 5 ' >, edvhg rq wkh Jdxvvldq suhvfulswlrq lv
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Ri frxuvh wkh lqwhqwlrq lv wkdw wkhvh eh xvhg zlwkrxw wkh Jdxvvldqlw| dvvxpswlrq/ lq zklfk fdvh wkh|
duh qrw rswlpdo/ wkrxjk wkh| gr kdyh wkh rswlpdo udvwh ri frqyhujhqfh/ dgdsw qdwxudoo| wr vfdoh dw
ohdvw/ dqg pd| krshixoo| eh xvhixo zkhq wkh dfwxdo surfhvv lv qrw forvh wr ehlqj Jdxvvldq1 Qrwlfh
wkdw erwk irupxodh +6144, dqg +6145, duh lqyduldqw zlwk uhvshfw wr >c exw ghshqg rq wkh xqnqrzq j
dqg 4/ iru zklfk zh pd| lqvhuw wkh vdpsoh vwdqgdug ghyldwlrq dqg odj04 vdpsoh dxwrfruuhodwlrq
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dvvxpswlrqv olvwhg deryh dorqj zlwk ?qlwh irxuwk prphqwv ri fðä wkh frqvhtxhqw soxj0lq edqgzlgwkv
vkrxog eh idluo| vwdeoh lq prghudwh vdpsohv/ hyhq wkrxjk wkh| duh qrw lq jhqhudo dssur{lpdwho|
rswlpdo1 D vlpsol?hg yhuvlrq/ vxlwdeoh iru lqghshqghqw fð/ sxwv 4 ' f lq +6144, dqg +6145,1
Zh qh{w frqvlghu fhqwudo olplw wkhru|1
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Khqfh/ zlwk E vlpsol?hg wr ?@2? $4c dqg +6146, wr ?@S? $ fc zh kdyh iru fdvh +517, @ ' K ' S*2/
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Wkh wkhruhp lv suryhg e| dsso|lqj Urelqvrq +4<;6/ ohppd :14, lq wkh kýpl{lqj fdvh/ dqg lq
wkh qýpl{lqj fdvh e| surfhhglqj vlploduo| exw hpsor|lqj uhvxowv olnh wkrvh ri Ylhqqhw +4<<9, 1 Dv
xvxdo/ wkh dv|pswrwlf yduldqfhv duh ri wkh vdph w|sh dv wkrvh lq fdvh ri lqghshqghqw revhuydwlrqv
lq wkdw wkhuh lv qr frqwulexwlrq iurp *fryduldqfh* whupv/ wkrxjk ri frxuvh lq wkh suhvhqw lqvwdqfh
li zh lpsrvh wkh lqghshqghqfh e| zulwlqj sE+ m5ä ' sE+äc wkhuh lv vrph voljkw vlpsol?fdwlrq lq rxu
dv|pswrwlf yduldqfh irupxodh1 Dv lq Urelqvrq +4<;6, zh fdq frqvlvwhqwo| hvwlpdwh wkh olplwlqj
yduldqfhv e| lqvhuwlqj vprrwkhg qrqsdudphwulf hvwlpvdwhv ri wkh xqnqrzq frpsrqhqwv/ lq rughu
wr fduu| rxw srlqwzlvh lqihuhqfhv1 Wkhvh duh xvhixo ehfdxvh/ dv lq wkdw uhihuhqfh dqg Urvhqeodww
+4<:3/4<:4,/ lw lv srvvleoh wr h{whqg wkh uhvxow wr d pxowlyduldwh fhqwudo olplw wkhruhp/ lqglfdwlqj
dv|pswrwlf lqghshqghqfh ri wkh
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Ervt/ G1 +4<<9,1 Qrqsdudphwulf Vwdwlvwlfv iru Vwrfkdvwlf Surfhvvhv1 Ohfwxuh Qrwhv lq Vwdwlvwlfv/
Vsulqjhu0Yhuodj/ Qhz \run1
Eudgoh|/ U1 +4<;9,1 Edvlf surshuwlhv ri vwurqj pl{lqj frqglwlrqv1 Lq Ghshqghqfh lq Suredelolw| dqg
Vwdwlvwlfv +H1 Hehuohlq dqg P1V1 Wdttx/ hgv1, Elunkdxvhu/ 49804<51
Fdfrxoorv/ W1 +4<99,1 Hvwlpdwlrq ri pxowlyduldwh ghqvlw|1 Dqq1 Lqvw1 Vwdwlvw1 Pdwk1 4;/ 4:<04;<1
Fkdqgd/ N1F1 +4<;6,1 Ghqvlw| hvwlpdwlrq iru olqhdu surfhvvhv1 Dqq1 Lqvw1 Vwdwlvw1 Pdwk1 68/
76<07781
Fvùujr/ V1 dqg Plhoqlf}xn/ M1 +4<<4,1 Ghqvlw| hvwlpdwlrq xqghu orqj0udqjh ghshqghqfh1 Dqq1
Vwdwlvw1 56/ <<30<<<1
Gdy|gry/ \1D1 +4<:6,1 Pl{lqj frqglwlrqv iru Pdunry fkdlqv1 Wkhru1 Surede1 Dsso1 4;/ 645065;1
Ohh/ P10M1 +4<<9,1 Phwkrgv ri Prphqwv dqg Vhplsdudphwulf Hfrqrphwulfv iru Olplwhg Ghshqghqw
Yduldeoh Prghov1 Vsulqjhu0Yhuodj/ Qhz \run1
Pdvu|/ H1 +4<;<,1 Qrqsdudphwulf hvwlpdwlrq ri frqglwlrqdo suredelolw| ghqvlwlhv dqg h{shfwdwlrqv
ri vwdwlrqdu| surfhvvhv= vwurqj frqvlvwhqf| dqg udwhv1 Vwrfk1 Surf1 Dsso1 65/ 43<045:1
Sdu}hq/ H1 +4<95,1 Rq wkh hvwlpdwlrq ri d suredelolw| ghqvlw| dqg prgh1 Dqq1 Pdwk1 Vwdwlvw1 68/
4398043:91
Urelqvrq/ S1P1 +4<;6,1 Qrqsdudphwulf hvwlpdwruv iru wlph vhulhv1 M1 Wlph Vhulhv Dqdo1 7/ 4;8053:1
Urelqvrq/ S1P1 +4<;9,1 Rq wkh frqvlvwhqf| dqg ?qlwh0vdpsoh surshuwlhv ri qrqsdudphwulf nhuqho
wlph vhulhv uhjuhvvlrq/ dxwruhjuhvvlrq dqg ghqvlw| hvwlpdwruv1 Dqq1 Lqvw1 Vwdwlvw1 Pdwk1 6;/
86<087<1
Urelqvrq/ S1P1 +4<<4,1 Qrqsdudphwulf ixqfwlrq hvwlpdwlrq iru orqj phpru| wlph vhulhv1 Lq Qrq0
sdudphwulf dqg Vhplsdudphwulf Phwkrgv lq Hfrqrphwulfv dqg Vwdwlvwlfv +Z1D1 Eduqhww/ M1
Srzhoo dqg J1H1 Wdxfkhq/ hgv1, Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ 76:078:1
Urvhqeodww/ P1 +4<9<,1 Frqglwlrqdo suredelolw| ghqvlw| dqg uhjuhvvlrq hvwlpdwruv1 Lq Pxowlyduldwh
Dqdo|vlv LL +S1U1 Vkqdldk/ hg1, Dfdghplf Suhvv/ Qhz \run/ 580641
Urvhqeodww/ P1 +4<:3,1 Ghqvlw| hvwlpdwhv dqg Pdunry surfhvvhv1 Lq Qrqsdudphwulf Whfkqltxhv lq
Vwdwlvwlfdo Lqihuhqfh +P1O1 Sxul/ hg1, Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ 4<<05431
45
Urvhqeodww/ P1 +4<:4,1 Fxuyh hvwlpdwhv1 Dqq1 Pdwk1 Vwdwlvw1 75/ 4;4804;751
Urvhqeodww/ P1 +4<;8,1 Vwdwlrqdu| Vhtxhqfhv dqg Udqgrp Ilhogv1 Elunkçxvhu/ Ervwrq1
Urxvvdv/ J1 +4<9:,1 Qrqsdudphwulf hvwlpdwlrq lq Pdunry surfhvvhv1 Dqq1 Lqvw1 Vwdwlvw1 Pdwk1 54/
:60;:1
Urxvvdv/ J1 +4<9<,1 Qrqsdudphwulf hvwlpdwlrq ri wkh wudqvlwlrq glvwulexwlrq ixqfwlrq ri d Pdunry
surfhvv1 Dqq1 Pdwk1 Vwdwlvw1 73/ 46;9047331
Urxvvdv/ J1 +4<<4d,1 Hvwlpdwlrq ri wudqvlwlrq glvwulexwlrq ixqfwlrq dqg lwv txdqwlohv lq Pdunry
surfhvvhv= vwurqj frqvlvwhqf| dqg dv|pswrwlf qrupdolw|1 Lq Qrqsdudphwulf Ixqfwlrqdo Hvwlpd0
wlrq dqg Uhodwhg Wrslfv/ +J1 Urxvvdv/ hg1, Noxzhu/ Dpvwhugdp/ 77607951
Urxvvdv/ J1 +4<<4e,1 Uhfxuvlyh hvwlpdwlrq ri wkh wudqvlwlrq glvwulexwlrq ixqfwlrq ri d Pdunry
surfhvv= dv|pswrwlf qrupdolw|1 Vwdwlvw1 Surede1 Ohww1 44/ 768077:1
Vdpdqwd/ P1 +4<;<,1 Qrq0sdudphwulf hvwlpdwlrq ri frqglwlrqdo txdqwlohv1 Vwdwlvw1 Surede1 Ohww1 :/
73:07451
Vloyhupdq/ E1Z1 +4<;9,1 Ghqvlw| Hvwlpdwlrq iru Vwdwlvwlfv dqg Gdwd Dqdo|vlv1 Fkdspdq dqg Kdoo/
Orqgrq1
Ylhqqhw/ J1 +4<<9,1 Lqhtxdolwlhv iru devroxwho| uhjxodu vhtxhqfhv= dssolfdwlrq wr ghqvlw| hvwlpdwlrq1
Sure1 Wkhru1 Uho1 Ilhogv1 43:/ 79:07<51
\dnrzlw}/ V1 +4<:<,1 Qrqsdudphwulf hvwlpdwlrq ri Pdunry wudqvlwlrq ixqfwlrqv1 Dp1 Vwdwlvw1 :/
9:409:<1
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